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We carefully study the implications of adiabaticity for the behavior of cosmological perturbations.
There are essentially three similar but different definitions of non-adiabaticity: one is appropriate for
a thermodynamic fluid δPnad, another is for a general matter field δPc,nad, and the last one is valid
only on superhorizon scales. The first two definitions coincide if c2s = c
2
w where cs is the propagation
speed of the perturbation, while c2w = P˙ /ρ˙. Assuming the adiabaticity in the general sense, δPc,nad =
0, we derive a relation between the lapse function in the comoving slicing Ac and δPnad valid for
arbitrary matter field in any theory of gravity, by using only momentum conservation. The relation
implies that as long as cs 6= cw , the uniform density, comoving and the proper-time slicings coincide
approximately for any gravity theory and for any matter field if δPnad = 0 approximately. In the
case of general relativity this gives the equivalence between the comoving curvature perturbation Rc
and the uniform density curvature perturbation ζ on superhorizon scales, and their conservation.
This is realized on superhorizon scales in standard slow-roll inflation.
We then consider an example in which cw = cs, where δPnad = δPc,nad = 0 exactly, but the
equivalence between Rc and ζ no longer holds. Namely we consider the so-called ultra slow-roll
inflation. In this case both Rc and ζ are not conserved. In particular, as for ζ, we find that it is
crucial to take into account the next-to-leading order term in ζ’s spatial gradient expansion to show
its non-conservation, even on superhorizon scales. This is an example of the fact that adiabaticity
(in the thermodynamic sense) is not always enough to ensure the conservation of Rc or ζ.
INTRODUCTION
It is a well-known fact that in single-field slow-roll infla-
tion [1–3], the comoving curvature perturbation Rc and
the uniform density curvature perturbation ζ coincide
and are conserved. In the seminal works [4, 5], it was
shown that requiring just energy conservation is enough
to show the superhorizon conservation of ζ given that
the non-adiabatic pressure δPnad vanishes, under the as-
sumption that gradient terms are negligible. Moreover,
it was shown in [4] that for adiabatic perturbations, on
superhorizon scales the comoving slicing coincides with
the uniform density slicing, as long as ∂V/∂φ 6= 0. As
a result, ζ and Rc coincide and both are conserved on
superhorizon scales.
Nevertheless, there are cases in which the conservation
of ζ or Rc does not hold even for adiabatic perturba-
tions. This seems to contradict the results quoted in the
above. In this paper, we carefully study the meaning of
adiabaticity and clarify how these seemingly contradic-
tory statements are reconciled. For this purpose, we first
introduce three different definitions of adiabaticity. Then
we study the energy-momentum conservation laws for ar-
bitrary matter and derive several useful relations among
gauge-invariant variables, independent of the theory of
gravity. We find a few useful formulas that relate some
of the gauge-invariant variables to each other. Then we
specialize to the case of general relativity and discuss
the meaning of the conservation of ζ and Rc in detail.
Finally we study so-called ultra slow-roll inflation as an
interesting non-trivial example in which the superhorizon
conservation of ζ or Rc does not hold even for an exactly
adiabatic perturbation, δPnad = δPc,nad = 0.
Throughout this paper the dot denotes the proper-time
derivative (˙ = d/dt) and the prime the conformal-time
derivative (′ = d/dη), where dt = adη, and the proper-
time and conformal-time Hubble expansion rates are re-
spectively denoted by H = a˙/a and H = a′/a = a˙.
ADIABATICITY: SEVERAL DEFINITIONS
Let us consider several definitions of (non)-
adiabaticity. Adiabaticity is apparently a term from
thermodynamics. Therefore originally it is meaningful
only when the basic matter variables such as the energy
density and pressure are thermodynamic. As can be seen
from the perturbed energy and momentum conservation
equations for a perfect fluid with equation of state
P = P (ρ), adiabatic perturbations move with the speed
2of sound cw, given by
c2w ≡
P ′
ρ′
. (1)
For a perfect adiabatic fluid, we therefore have δP =
c2wδρ. Then it seems natural to define the non-adiabatic
pressure as
δPnad ≡ δP − c
2
wδρ, (2)
which is gauge invariant and vanishes for a perfect fluid.
This is the definition used in [4, 5], and in much of the
literature.
However, the early universe is for sure not in ther-
mal equilibrium, so one can question the above definition
based on thermodynamics. In fact, when the universe is
dominated by a scalar field, it makes more sense to talk
about the propagation speed cs of that scalar field (the
phase speed of sound, see also [6]), defined on comoving
slices via
c2s ≡
(
δP
δρ
)
c
. (3)
One is then led to define the non-adiabatic pressure as
δPc,nad ≡ δPc − c
2
sδρc. (4)
For a fluid, one has cs = cw and both definitions co-
incide. However, this is in general not true. For a mini-
mally coupled scalar field one has, for example,
c2w = −1 +
2ǫ
3
−
η
3
, c2s = 1, (5)
with ǫ, η the usual slow-roll parameters. In this sense, the
second definition is more general: It can apply both to
a fluid and to a scalar field, hence should be regarded as
the proper definition of adiabaticity. Therefore we focus
on the perturbation which satisfies δPc,nad = 0 in this
paper. As a consequence, for the first definition we then
have (in agreement with [7])
δPnad = (c
2
s − c
2
w)δρc. (6)
The third definition which is commonly used in the
inflationary cosmology is about the stage when the so-
called growing mode of the perturbation dominates. As
discussed in the above, the adiabatic perturbation would
generally satisfy a second-order differential equation.
Hence when it is Fourier decomposed with respect to the
spatial comoving wavenumber k, there will be two inde-
pendent solutions for each k-mode. Usually what hap-
pens is that as the mode goes out of the Hubble horizon
during inflation, one of the solutions (the decaying mode)
dies out, and the other mode (the growing mode) dom-
inates. It turns out that this growing mode approaches
a constant in the superhorizon limit when expressed in
terms of the curvature perturbation on comoving slices
Rc (or equally of the one on uniform energy density slices
ζ). When the universe enters this stage where the grow-
ing mode dominates, the evolution of the universe there-
after is unique. In other words, if we denote the time
after which the universe is in this growing mode domi-
nated stage by ta, given the state of the universe at some
later but arbitrary time tb (> ta), one can always recover
the initial condition at t = ta uniquely because the decay-
ing mode is completely negligible during the whole stage
of evolution. It is said that when this is the case the uni-
verse has arrived at the adiabatic stage (or the adiabatic
limit). In particular, when the universe is dominated by
a scalar field whose evolution is well described by the
slow-roll approximation, this stage is reached as soon as
the scale of the perturbation leaves out of the horizon.
The above, third definition is different from the pre-
vious two definitions in that it applies only to the stage
when the wavelength of the perturbation is much greater
than the Hubble horizon. Nevertheless, as long as we are
interested in superhorizon scale perturbations, the adia-
baticity conditions for both of the previous two cases will
be approximately satisfied if the universe is in the adia-
batic limit. Namely, both δPnad and δPc,nad will be of
O
(
(k/H)2
)
and hence vanish in the superhorizon limit.
FORMULAS FOR ARBITRARY MATTER
INDEPENDENT OF GRAVITY
Now, let us derive a few useful formulas valid for any
gravity theory. Independent of the theory of gravity, the
energy-momentum conservation must hold, which follows
from the matter equations of motion and general covari-
ance.
We set the perturbed metric as
ds2 = a2
[
−(1 + 2A)dη2 + 2∂jBdx
jdη
+
{
δij(1 + 2R) + 2∂i∂jE}dx
idxj
}]
, (7)
and the perturbed energy-momentum tensor as
T 00 = −(ρ+ δρ) , T
0
j = (ρ+ P )u
0uj =
ρ+ P
a
uj ,
T ij = (P + δP )δ
i
j +Π
i
j ; Π
k
k ≡ 0 . (8)
For a scalar-type perturbation, uj can be written as a
spatial gradient,
uj = −a∂j(v −B) → T
0
j = −(ρ+ P )∂j(v −B)
(9)
Πkj in the form can be written as
Πij = δikΠ
k
j =
[
∂i∂j −
1
3
δij
(3)
∆
]
Π , (10)
3where ∆(3) = δij∂i∂j .
In this work, we mainly consider the following gauge-
invariant variables:
Rc ≡ R−H(v −B) , (11)
ζ ≡ R−
H
ρ′
δρ = R+
δρ
3(ρ+ P )
, (12)
Vf ≡ (v −B)−
R
H
. (13)
Their geometrical meanings are apparent: Rc represents
the curvature perturbation on comoving slices (v −B =
0), ζ the curvature perturbation on uniform density slices
(δρ = 0), and Vf the velocity potential on flat slices (R =
0). They are related to each other as
Rc = −HVf , (14)
ζ ≡ Rud = Rc +
δρc
3(ρ+ P )
. (15)
There relations will become useful later. Hereafter we
use the suffix ‘c’ for quantities on comoving slices, the
suffix ‘ud’ for those on uniform density slices, and the
suffix ‘f ’ for those on flat slices.
The equation of motion is given by δ(∇µT
µ
j) = 0.
Explicitly we have
(ρ+ P )
[
∂j(v −B)
′+H(1− 3c2w)∂j(v −B)
]
= (ρ+ P )∂jA+ ∂k(δT
k
j)
= (ρ+ P )∂jA+ ∂jδP +
2
3
∂j∇
2Π . (16)
Therefore, we may remove the common partial derivative
∂j to obtain
(ρ+ P )
[
(v −B)′ +H(1− 3c2w)(v −B)
]
= (ρ+ P )A+ δP +
2
3
∇2Π. (17)
On comoving slices, v −B = 0 (⇔ T 0j = 0). Hence
(ρ+ P )Ac + δPc +
2
3
∇2Π = 0 . (18)
If the perturbation is adiabatic, by definition Π = 0.
Thus we find
δPc = −(ρ+ P )Ac . (19)
Note that this relation between δPc and Ac is completely
independent of the theory of gravity.
USEFUL RELATIONS AMONG
GAUGE-INVARIANT VARIABLES
INDEPENDENT OF GRAVITY
Combining Eqs. (3), (6) and (19), we now have
δPnad = (c
2
s − c
2
w)δρc =
c2w − c
2
s
c2s
(ρ+ P )Ac . (20)
The first equality is an identity, while the second comes
from the conservation of the energy momentum tensor,
and is valid for any gravity theory. This equation may
be regarded as a statement that δPnad has the same be-
havior as δρc and Ac unless c
2
w = c
2
s. In other words, the
proper-time slicing (A = 0), comoving slicing (v−B = 0)
and uniform density slicing (δρ = 0) coincide with each
other (approximately) if c2w 6= c
2
s and δPnad = 0 (approx-
imately). Namely,
{δPnad ≈ 0, cs 6= cw} ⇒ δρc ≈ Ac ≈ 0 . (21)
We can use Eq. (20) to obtain for example a general re-
lation between the comoving curvature perturbation Rc
and uniform density curvature perturbation ζ,
ζ = Rc −
H
ρ˙
δρc = Rc + δPnad
H
ρ˙(c2w − c
2
s)
(22)
This is in agreement with the well-known coincidence of
ζ and Rc on super-horizon scales for slow roll-models in
general relativity, since in this case cs 6= cw and δPnad ≈
0 on superhorizon scales. Note also that this relation is
degenerate in the case of cs = cw. As an example of such
a case during inflation, later we explicitly consider the
so-called ultra-slow roll inflation model.
FORMULAS FOR ARBITRARY MATTER IN
GENERAL RELATIVITY
Here we focus on the case of general relativity. On
comoving slices, the G00- and G
0
i -components of the per-
turbed Einstein equations give
(3)
∆ [Hσc +Rc] = −4πGδρc , (23)
R′c = HAc , (24)
where σ denotes the scalar shear: σ ≡ B − E′. The Gij-
components give, for adiabatic perturbations Π = 0 and
δPc = c
2
sδρc,
2
a2
(H′ −H2)Ac = 8πGc
2
sδρc (25)
σ′c + 2Hσc +Ac +Rc = 0. (26)
Using the Friedman equation we then derive the equation
of motion for Rc:
R′′c +
z2
′
z2
R′c − c
2
s
(3)
∆ Rc = 0 ; z
2 ≡
(ρ+ P )a4
c2sH
2
. (27)
Substituting Eq. (24) in Eqs. (20) and (22) now gives
δPnad =
[(
cw
cs
)2
− 1
]
(ρ+ P )
R˙c
H
(28)
ζ = Rc −
R˙c
3c2sH
. (29)
Thus δPnad = 0 if either c
2
w = c
2
s or R˙c = 0. In particular
in the latter case, R˙c = 0, we have ζ = Rc.
4Conserved ζ and adiabaticity
Here we briefly review the common notion [4] that
the superhorizon conservation of ζ follows directly from
adiabaticity, independent of gravity. Indeed, demanding
δ(∇µT
µ
0 ) = 0 yields, in the uniform density slicing,
ζ′ = −
HδPnad
(ρ+ P )
+
1
3
(3)
∆ (v − E
′)ud (30)
The usual interpretation of the above equation is that
for adiabatic perturbations, ζ is conserved on super-
horizon scales, as long as the gradient terms can be ne-
glected. However, as we have seen, actually adiabaticity
in the general sense (as defined in Eq. (4)) does not nec-
essarily imply δPnad = 0. Furthermore, neglecting the
gradient terms may not be justified.
In the remainder of this letter we will consider the case
of a minimally coupled scalar field in general relativity,
as an example of the applications of the general relations
that we have just derived.
ULTRA SLOW-ROLL INFLATION
As an interesting non-trivial example in which the
equivalence between Rc and ζ fails to hold, we consider
the ultra slow-roll inflation (USR): a minimally coupled
single scalar field model with constant potential.
When V = V0, the background scalar field equation
becomes φ¨ + 3Hφ˙ = 0, and the density and pressure
perturbations become equal to each other, δP = δρ, in
arbitrary gauge. Therefore we have
c2w = c
2
s = 1 , δPnad = δPc,nad = 0 . (31)
In other words, the perturbation is adiabatic both in the
sense of δPnad = 0 and δPc,nad = 0. Solving the back-
ground equations, we obtain
φ˙ ∝ a−3 . (32)
In particular, this implies H = const. is an extremely
good approximation except possibly for the very begin-
ning of the ultra slow-roll phase. This gives
ǫ ≡ −
H˙
H2
=
φ˙2
2H2
∝ a−6, δ ≡
φ¨
Hφ˙
=
1
2
ǫ˙
ǫH
= −3 .
(33)
We are now in the position to appreciate the peculiarity
of ultra slow-roll inflation. Let us reconsider the relations
we found in the previous section.
First, as we saw in Eq. (28) δPnad = 0 implies R˙c = 0
if c2s 6= c
2
w. However, since we have c
2
s = c
2
w = 1 in ultra
slow-roll inflation, we are unable to claim anything about
the conservation of Rc.
Second, the comoving slicing coincides with the uni-
form density slicing (and Rc with ζ) if R˙c = 0, see
Eq. (29). However, again, we are unable to claim any-
thing since we do not know if Rc is conserved or not.
In fact, we find that Rc is not conserved even on super-
horizon scales. The same follows from Eq. (22): when
c2s = c
2
w that relation is degenerate, so ζ and Rc do not
necessarily coincide.
Third, we concluded from Eq. 30 that ζ is conserved
on superhorizon scales if δPnad = 0. However, as noted
there, this is true only if the gradient terms are negligible.
As we shall see below it happens that here they are not
negligible at all.
ζ and Rc in ultra slow-roll inflation
From Eq. (29), we have
ζ = Rc −
R˙c
3H
= −
a3
3H
∂t
(
Rc
a3
)
. (34)
From Eq. (27), on superhorizon scales, we find that the
time derivative of the time-dependent solution is given
by
R˙c ∝
1
az2
=
H2
φ˙2a3
∝ a3 . (35)
Since H is almost constant in USR, we conclude that Rc
is not conserved but grows as a3 on superhorizon scales.
Inserting this to Eq. (34) implies ζ = 0. Thus it seems
that ζ is still conserved (corresponding to the conserved
solution of Rc) and the rapidly growing solution of Rc
does not contribute to ζ at all.
The above conclusion, however, is valid only in the
strict large scale limit. The finiteness of the wavelength
can affect the behavior of the perturbation significantly
even if the wavelength is much larger than the Hubble
horizon size. To see this, one can take into account the
spatial gradient term of Eq. (27) iteratively. For simplic-
ity, we work in the Fourier space where we replace ∆(3)
by −k2. The superhorizon solution for Rc is then
Rc = c1
(
1 +O(k2)
)
+c2a
3
(
1 +
1
2
k2
H2
+O(k4)
)
. (36)
Inserting this into Eq. (29) gives
ζ = c1
(
1 +O(k2)
)
+
c2a
3
3
(
k2
H2
+O(k4)
)
. (37)
Thus we see that the time-dependent solution grows
like a even on superhorizon scales. More specifically,
ζ(t) ≈ ζ(tk)a(t)/a(tk) where tk is the horizon crossing
time a(tk) = kH of the wavenumber k.
DISCUSSION AND CONCLUSIONS
The seminal works [4, 5] have taught us that for any
relativistic theory of gravity, adiabaticity implies that ζ
5Any Gravity theory General Relativity (Ac = R˙c/H)
Generic matter δPnad = δρc(c
2
s − c
2
w) =
[(
cw
cs
)2
− 1
]
(ρ+ P )Ac δPnad =
[(
cw
cs
)2
− 1
]
(ρ+ P ) R˙c
H
M. c. scalar field δPnad = (c
2
w − 1)Acφ˙
2 δPnad = (c
2
w − 1)
R˙c
H
φ˙2
Any Gravity theory General Relativity
Generic matter ζ = Rc − δPnad
H
ρ˙(c2
s
−c2
w
)
= Rc +
H
ρ˙
ρ+P
c2
s
Ac ζ = Rc + (ρ+ P )
R˙c
c2
s
H
H
ρ˙
M. c. scalar field ζ = Rc + Acφ˙
2H
ρ˙
ζ = Rc + φ˙
2 R˙c
H
H
ρ˙
TABLE I. The upper table shows the relation between the fluid-based non-adiabatic pressure perturbations δPnad and metric
perturbations, and the lower table gives the relation between curvature perturbations on uniform density slices ζ and on
comoving slices Rc. For both tables the first column corresponds to relations valid in any gravity theory, the second column
to the case of general relativity, the first row is for a generic matter field and the second one is for a minimally coupled scalar
field.
and Rc coincide and are conserved when gradient terms
can be neglected, which in general happens on superhori-
zon scales. In this work, we have provided more insight
into this claim.
First, we have specified that the above statement holds
when (non)-adiabaticity is defined in the thermodynam-
ical sense, see Eq. (2). We have argued that for a system
out of equilibrium, like the early universe, one should de-
fine (non)-adiabaticity in the strict sense, as in Eq. (4).
In this work, we have looked at perturbations which are
strictly adiabatic in that strict sense (δPc,nad = 0), and
checked the implications for non-adiabaticity in the ther-
modynamical sense δPnad. A third definition of non-
adiabaticity states that the adiabatic limit has been
reached as soon as the time-dependent solution (the non-
freezing one) for ζ has become totally negligible.
Second, we have rewritten the relation between (ther-
modynamical) non-adiabaticity and conserved quantities
in such a way as to clarify when exactly gradient terms
can be neglected, bypassing the need for an explicit com-
putation of these gradient terms. In Eq. (20) we have
shown that for any gravity theory, δPnad is proportional
to the lapse function in comoving slicing, Ac, provided
that c2s 6= c
2
w. In the particular case of general relativity,
Ac is proportional to R˙c so we obtain the proportional-
ity between δPnad and R˙c, still under the condition that
c2s 6= c
2
w. Furthermore, we have obtained in Eq. (22) that
when δPnad = 0, Rc and ζ coincide, again under the con-
dition that c2s 6= c
2
w. This results holds independently of
gravity theory as well.
As an illustration, finally, we have studied the
model of ultra slow-roll (USR) inflation, where
δPc,nad = δPnad = 0 and cw = cs = 1. Indeed,
for USR inflation all relations above obtained break
down: ζ and Rc do not coincide and are both not con-
served. This is an example of the fact that adiabaticity
(in the thermodynamic sense) is not always enough to
ensure the conservation of Rc or ζ.
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